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Abstract
LetT be a set of transpositions of the symmetric group Sn. The transposition graphTra(T ) ofT is the
graph with vertex set {1, 2, . . . , n} and edge set {ij | (i j) ∈ T }. In this paper it is shown that if n3,
then the automorphism group of the transposition graph Tra(T ) is isomorphic to Aut(Sn, T ) = { ∈
Aut(Sn) | T  = T } and if T is a minimal generating set of Sn then the automorphism group of the
Cayley graph Cay(Sn, T ) is the semiproduct R(Sn)Aut(Sn, T ), where R(Sn) is the right regular
representation of Sn.As a result, we generalize a theorem of Godsil and Royle [C.D. Godsil, G. Royle,
Algebraic Graph Theory, Springer, New York, 2001, p. 53] regarding the automorphism groups of
Cayley graphs on Sn: if T is a minimal generating set of Sn and the automorphism group of the
transposition graph Tra(T ) is trivial then the automorphism group of the Cayley graph Cay(Sn, T ) is
isomorphic to Sn.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
Throughout this paper, we consider a ﬁnite connected graph without loops or multiple
edges. For a graph X we denote by V (X), E(X) and Aut(X) the vertex set, the edge set and
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the automorphism group of X, respectively. A permutation group Sn is viewed as the group
of all permutations on the set {1, 2, . . . , n}. The support of a permutation is the set of points
moved by the permutation. It is well-known that a permutation can be written as a product of
disjoint cycles where by disjoint we mean that the overlap of the supports of any two cycles
is empty, and the product is unique up to the order in which the cycles appear. Let T be a set
of transpositions of Sn. The transposition graph Tra(T ) of Sn with respect to T is deﬁned
to have vertex set V (Tra(T )) = {1, 2, . . . , n} and edge set E(Tra(T )) = {ij | (i j) ∈ T }.
If T generates Sn and for any t ∈ T , T \{t} does not generate Sn then T is called a minimal
generating set of Sn.
Let G be a ﬁnite group and let S be a subset of G such that 1 /∈ S and S is symmetric,
that is, S−1 = {s−1 | s ∈ S} is equal to S. The Cayley graph Cay(G, S) on G with respect
to S is deﬁned as the graph with vertex set G and edge set {{g, sg} | g ∈ G, s ∈ S}.
The automorphism group Aut(Cay(G, S)) of the Cayley graph Cay(G, S) contains the
right regular representation R(G) of G, the action of G on itself by right multiplication,
as a subgroup. Furthermore, the group Aut(G, S) = { ∈ Aut(G) | S = S} is also a
subgroup of Aut(Cay(G, S)). Actually, Aut(G, S) is a subgroup of Aut(Cay(G, S))1, the
stabilizer of the vertex 1 in Aut(Cay(G, S)). The Cayley graph Cay(G, S) is said to be
normal if R(G) is normal in Aut(Cay(G, S)). Let NAut(Cay(G,S))(R(G)) be the normalizer
of R(G) in Aut(Cay(G, S)). By Godsil [10], NAut(Cay(G,S))(R(G)) = R(G)Aut(G, S).
Thus, Cay(G, S) is normal if and only if Aut(Cay(G, S)) = R(G)Aut(G, S).
In most situations, it is difﬁcult to determine the normality of Cayley graphs. In fact the
only groups, for which the complete information about the normality of Cayley graphs is
available, are the cyclic groups of prime order [1] and the groups of order twice a prime
[4]. Wang et al. [19] obtained all disconnected normal Cayley graphs. Let Cay(G, S) be a
connected cubic Cayley graph on a non-abelian simple group G. Praeger [17] proved that if
NAut(Cay(G,S))(R(G)) is transitive on edges then the Cayley graph Cay(G, S) is normal, and
Fang et al. [5] proved that the vastmajority of connected cubic Cayley graphs on non-abelian
simple groups are normal. Baik et al. [2,3] listed all connected non-normal Cayley graphs
on abelian groups with valency less than 6 and Feng et al. [7] proved that all connected
tetravalent Cayley graphs on p-groups of nilpotent class 2 with p an odd prime are normal.
(See also [6,8,9,11,15,16,20] for some of the related articles.)
In this paper, we investigate the normality of the Cayley graphs Cay(Sn, T ), where T is
a minimal generating set of transpositions of Sn. These Cayley graphs contain some well-
known graphs which are used to construct the interconnection networks (see [14]). Godsil
and Royle [12, Theorem 3.10.4] proved that if the automorphism group of the transposition
graph Tra(T ) is trivial then Aut(Cay(Sn, T )) = R(Sn), where R(Sn) is the right regular
representation of Sn. Without any restriction on the automorphism group of the graph
Tra(T ), we prove that the Cayley graphs Cay(Sn, T ) are normal, that is, Aut(Cay(Sn, T )) =
R(Sn)Aut(Sn, T ), where Aut(Sn, T ) = { ∈ Aut(Sn) | T  = T }. Also, we show that if
n3 thenAut(Sn, T )Aut(Tra(T )). Thus, we generalize the Godsil and Royle’s theorem.
To end the section, we introduce two preliminary results. First, in view of Godsil and
Royle [12, Lemma 3.10.3], we have the following proposition.
Proposition 1.1. Let T be a set of transpositions of Sn and let the transposition graph
Tra(T ) contain no triangle. Then for any t1, t2 ∈ T with t1 = t2, t1t2 = t2t1 if and only
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if there is a unique 4-cycle in the Cayley graph Cay(Sn, T ) passing through t1, t2 and the
identity of Sn.
Godsil and Royle [12, Lemma 3.10.2] proved that a set of transpositions of Sn is a
minimal generating set if and only if the transposition graph Tra(T ) is a tree. This implies
that Proposition 1.1 is true if T is a minimal generating set of transpositions of Sn. The
next proposition is about the automorphism group of the symmetric group Sn. For g ∈ Sn
denote by c(g) the automorphism of Sn induced by the conjugacy of g on Sn. Let Inn(Sn) =
{c(g) | g ∈ Sn}, the inner automorphism group of Sn.
Proposition 1.2 (Suzuki [18, III. Theorems 2.18–2.20]). Ifn2andn = 6 thenAut(Sn) =
Inn(Sn) and if n = 6 then |Aut(S6) : Inn(S6)| = 2. For each  ∈ Aut(S6)\Inn(S6),  maps
a transposition to a product of three disjoint transpositions.
2. Main result
The main purpose of this paper is to prove the following theorem.
Theorem 2.1. Let T be a set of transpositions of Sn. If n3, then the automorphism group
of the transposition graph Tra(T ) is isomorphic to Aut(Sn, T ) = { ∈ Aut(Sn) | T  = T }
and if T is a minimal generating set of Sn then the automorphism group of the Cayley
graph Cay(Sn, T ) is the semiproduct R(Sn)Aut(Sn, T ), where R(Sn) is the right regular
representation of Sn.
Let T1 = {(i i + 1) | 1 in − 1} and T2 = {(1 i) | 2 in}. The Cayley graphs
Cay(Sn, T1) and Cay(Sn, T2) are called bubble-sort graph BSn and star graph STn, respec-
tively, in [14]. Note that Aut(Tra(T1))Z2 and Aut(Tra(T2))Sn−1. Since Tra(T1) and
Tra(T2) are trees, T1 and T2 are minimal generating sets of Sn by Godsil and Royle [12,
Lemma 3.10.2]. Thus, Theorem 2.1 implies that if n3 then Aut(BSn)Z2Sn and
Aut(STn)Sn−1Sn, which were proved in [13,21]. Let T be a set of transpositions of Sn. It
is easy to see that if Aut(Tra(T )) = 1 then n = 2. Thus, we have the following corollary.
Corollary 2.2 (Godsil and Royle [12, Theorem 3.10.4]). If T is a minimal generating set
of transpositions of Sn and Aut(Tra(T )) = 1 then Aut(Cay(Sn, T ))Sn.
The following lemma implies the ﬁrst part of Theorem 2.1.
Lemma 2.3. Let n3 and let T be a set of transpositions of Sn. Then, Aut(Tra(T )) is
isomorphic to Aut(Sn, T ).
Proof. Recall that for g ∈ Sn, we denote by c(g) the automorphism of Sn induced by the
conjugacy of g. By the deﬁnition of the transposition graph Tra(T ), ij ∈ E(Tra(T )) if and
only if (i j) ∈ T .
Assume that  ∈ Aut(Sn, T ). By Proposition 1.2,  = c(g) for some g ∈ Sn because 
maps transpositions to transpositions.We claim that g ∈ Aut(Tra(T )). Let ij ∈ E(Tra(T )).
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Then, (i j) ∈ T . Since  ∈ Aut(Sn, T ) and  = c(g), (ig jg) = g−1(i j)g = (i j)g =
(i j) ∈ T , that is, (ig jg) ∈ T . Thus, igjg ∈ E(Tra(T )), implying that g ∈ Aut(Tra(T )).
Note that there are possibly several elements g such that  = c(g) and we may choose a
ﬁxed g (any of them) for each . Clearly, different automorphisms in Aut(Sn, T ) aremapped
to different elements in Sn, and thus the map  → g from Aut(Sn, T ) to Aut(Tra(T )) is
injective, and |Aut(Sn, T )| |Aut(Tra(T ))|.
Assume that  ∈ Aut(Tra(T )). Then,  is a permutation on the set V (Tra(T )) =
{1, 2, . . . , n}, that is,  ∈ Sn. We claim that c() ∈ Aut(Sn, T ). Let (i j) ∈ T . Then
ij ∈ E(Tra(T )). Since  ∈ Aut(Tra(T )), ij ∈ E(Tra(T )), that is, (i j) ∈ T . Thus,
(i j) = −1(i j) = (i j) ∈ T and hence T  = T . As c() ∈ Aut(Sn), c() ∈
Aut(Sn, T ). We now deﬁne a map  from Aut(Tra(T )) to Aut(Sn, T ) by () = c().
It is easy to see that  is an homomorphism. Since Sn has trivial center (n3),  is in-
jective. Thus, |Aut(Tra(T ))| |Aut(Sn, T )|. Since |Aut(Sn, T )| |Aut(Tra(T ))|, we have
|Aut(Sn, T )| = |Aut(Tra(T ))|, implying that  is an isomorphism. 
Clearly, Lemma 2.3 is not true for n = 2 and if T is empty, it is true when n3 and
n = 6. In the remainder of this section we denote by e the identity of Sn. The following
lemma plays a vital role in the proof of the second part of Theorem 2.1.
Lemma 2.4. Let T be a minimal generating set of transpositions of Sn and let X =
Cay(Sn, T ). Let k and t be distinct transpositions in T. Then kt = tk if and only if there is a
unique 4-cycle in X passing through e, k and t, that is, (e, k, tk = kt, t, e). Furthermore, if
kt = tk then there is a unique 6-cycle passing through e, k, t and some vertex of distance 3
from e in X, that is, (e, k, tk, ktk = tkt, kt, t, e).
Proof. By Proposition 1.1, we only need to prove the second part of the lemma. For x, y ∈
Sn, we denote by d(x, y) the distance between the vertex x and the vertex y in X. Assume
that kt = tk. Then, the overlap of the supports of k and t has size 1 and so kt has order 3.
This implies that ktk = tkt . Since kt = tk, by the minimality of T, we have ktk /∈ T , that
is, d(e, ktk) = 1. Note that ktk is a transposition. Then, we also have d(e, ktk) = 2 because
any vertex of distance 2 from e either has order 3 (as an element in Sn) or is a product of
two transpositions with empty overlap of their supports. It follows that d(e, ktk) = 3, so
that (e, k, tk, ktk = tkt, kt, t, e) is a 6-cycle passing through e, k, t and the vertex ktk of
distance 3 from e in X. To ﬁnish the proof, it sufﬁces to show that such 6-cycles are unique.
Let C := (e, k, k1k, k2k1k = t2t1t, t1t, t, e) be an arbitrary 6-cycle in X passing through e,
k, t and some vertex of distance 3 from e. Then k2, k1, t2, t1 ∈ T and d(e, t2t1t) = 3. Since
C is a cycle and there is no 4-cycle passing through e, k and t, we have t2 = t1, t1 = t ,
k2 = k1, k1 = k and k2 = t2.As kt = tk, the overlap of the supports of k and t is not empty,
and without loss of generality we may take k = (1 2) and t = (1 3). Since k2k1k = t2t1t ,
we have k2k1 = t2t1(1 3)(1 2). Moreover, the minimality of T implies k2, k1, t2, t1 = (2 3)
because (2 3) = (1 2)(1 3)(1 2).
We claim that t1 = (1 2). Suppose to the contrary that t1 = (1 2). Recall that t1 = (2 3)
or (1 3)(=t). Then, the overlap of the supports of t1 and (1 2 3) has size at most 1. By
the minimality of T, no element t in T can be expressed as a product of elements in T \t ,
and hence the equation k2k1 = t2t1(1 3)(1 2) implies that {k2, k1, t2} = {t1, (1 2), (1 3)}
because t1, (1 2) and (1 3) are distinct from each other. As t2 = t1, t2 = (1 2) or (1 3).
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Let t2 = (1 2). By {k2, k1, t2} = {t1, (1 2), (1 3)}, k1 = t1 or (1 3), which corresponds to
k2 = (1 3) or t1, respectively. By the equation k2k1 = t2t1(1 3)(1 2), we have that (1 3)t1 =
(1 2)t1(1 3)(1 2) or t1(1 3) = (1 2)t1(1 3)(1 2). It follows that t1(1 2 3)t1 = (1 3 2) or
t1(1 2)t1 = (2 3), which are impossible because the overlap of the supports of t1 and (1 2 3)
has size at most 1.
Let t2 = (1 3). Then {k2, k1, t2} = {t1, (1 2), (1 3)} implies that k1 = t1 because
k1 = k = (1 2). Thus, k2 = (1 2) and by the equation k2k1 = t2t1(1 3)(1 2), (1 2)t1 =
(1 3)t1(1 3)(1 2), that is, t1(1 3 2)t1 = (1 3 2). This forces that the overlap of the supports of
t1 and (1 2 3) is empty, and hence t1(1 3) = (1 3)t1. It follows that t2t1t = (1 3)t1(1 3) = t1,
contrary to the fact that d(1, t2t1t) = 3 because t1 ∈ T .
Nowwehave proved the claim: t1 = (12). By k2k1 = t2t1(13)(12), t2t1 = k2k1(12)(13)
and a similar argument to the proof of the above claim gives rise to k1 = (1 3). Thus, k2t2 =
(1 3)(1 2)(1 3)(1 2) = (1 2 3), which implies that k2 = (1 2) and t2 = (1 3) because
k2, t2 = (2 3). It follows that C is the unique 6-cycle (e, (1 2), (1 3)(1 2), (1 2)(1 3)(1 2),
(1 2)(1 3), (1 3), e), that is, C = (e, k, tk, ktk = tkt, kt, t, e). 
Proof of Theorem 2.1. By Lemma 2.3, we only need to prove the second part of the
theorem. Let T be a minimal generating set of transpositions of Sn. Set X = Cay(Sn, T )
and A = Aut(X). Since R(Sn) is regular, we have A = R(Sn)Ae, where Ae is the stabilizer
of e in A. By Godsil [10], NA(R(Sn)) = R(Sn)Aut(Sn, T ), where NA(R(Sn)) is the
normalizer of R(Sn) in A. Note that Aut(Sn, T )Ae. To ﬁnish the proof, it sufﬁces to show
that AeAut(Sn, T ).
Let  ∈ Ae. Since  ﬁxes e, it ﬁxes T setwise. Let t1, t2 be distinct elements in T.
Then, t1 , t

2 ∈ T . By Lemma 2.4, t1t2 = t2t1 if and only if there is a unique 4-cycle in X
passing through e, t1 and t2. Since  maps a 4-cycle to a 4-cycle, t1t2 = t2t1 if and only if
t1 t

2 = t2 t1 .
If t1t2 = t2t1 then t1 t2 = t2 t1 . By Lemma 2.4, (e, t1, t2t1 = t1t2, t2, e) is the unique
4-cycle passing through e, t1, t2, and (e, t1 , t

2 t

1 = t1 t2 , t2 , e) is the unique 4-cycle pass-
ing through e, t1 , t

2 . By the uniqueness of the 4-cycles, (t1t2) = t1 t2 . If t1t2 = t2t1
then t1 t

2 = t2 t1 . Again by Lemma 2.4, (e, t1, t2t1, t1t2t1, t1t2, t2, e) is the unique 6-cycle
passing through e, t1, t2 and some vertex of distance 3 from e, and (e, t1 , t

2 t

1 , t

1 t

2 t

1 =
t2 t

1 t

2 , t

1 t

2 , t

2 , e) is the unique 6-cycle passing through e, t1 , t2 and some vertex of dis-
tance 3 from e. It follows that (t1t2) = t1 t2 . Thus, the following equation is true for any
t1, t2 ∈ T
(t1t2)
 = t1 t2 . (1)
By induction on the length of a word in generators in T,  can be shown to be an
automorphism of Sn. Thus, AeAut(Sn, T ), as required. 
By Lemma 2.4 and the proof of Theorem 2.1, we have the following corollary.
Corollary 2.5. Let T be a generating set of transpositions of Sn such that for any t1, t2 ∈ T
with t1 = t2, t1t2 = t2t1 if and only if there is a unique 4-cycle in the Cayley graph
Cay(Sn, T ) passing through e, t1 and t2, and if t1t2 = t2t1 then there is a unique 6-cycle
passing through e, t1, t2 and some vertex of distance 3 from e. Then the Cayley graph
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Cay(Sn, T ) is normal, that is, Aut(Cay(Sn, T )) = R(Sn)Aut(Sn, T ). Furthermore, if
n3 then Aut(Sn, T )Aut(Tra(T )).
Let T = {(i i+1) | 1 in−1}∪(1 n). The Cayley graph Cay(Sn, T ) is calledmodiﬁed
bubble-sort graph MBn in [14]. If n4 then T satisﬁes the conditions in Corollary 2.5 and
hence Cay(Sn, T ) is normal, that is, Aut(MBn) = R(Sn)Aut(Sn, T ). Since Tra(T ) is a
cycle of length n, Aut(Tra(T )) is isomorphic to the dihedral group D2n of order 2n. Thus,
Aut(MBn)SnD2n. If n = 3 then MB3K3,3, the complete bipartite graph of order 6
and hence Aut(MB3)(S3 × S3)Z2. In this case, Cay(S3, T ) is not normal.
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